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Abstract: This paper investigates the resonant behaviour of silicon-based micro-oscillators with a
length of 3600 µm, a width of 1800 µm and a thickness of 10 µm over a wide range of ambient gas (N2)
pressures, extending over six orders of magnitude from 10−3 mbar to 900 mbar. The oscillators are
actuated piezoelectrically by a thin-film aluminium-nitride (AlN) layer, with the cantilever coverage
area being varied from 33% up to 100%. The central focus is on nonlinear Duffing effects, occurring
at higher oscillation amplitudes. A theoretical background is provided. All relevant parameters
describing a Duffing oscillator, such as stiffness parameters for each coverage size as well as for
different bending modes and more complex modes, are extracted from the experimental data. The
so-called 2nd roof-tile-shaped mode showed the highest stiffness value of −97.3·107 m−2s−2. Thus,
it was chosen as being optimal for extended range pressure measurements. Interestingly, both a
spring softening effect and a spring hardening effect were observed in this mode, depending on the
percentage of the AlN coverage area. The Duffing-effect-induced frequency shift was found to be
optimal for obtaining the highest pressure sensitivity, while the size of the hysteresis loop is also
a very useful parameter because of the possibility of eliminating the temperature influences and
long-term drift effects of the resonance frequency. An reasonable application-specific compromise
between the sensitivity and the measurement range can be selected by adjusting the excitation
voltage, offering much flexibility. This novel approach turns out to be very promising for compact,
cost-effective, wide-range pressure measurements in the vacuum range.
Keywords: MEMS oscillator; nonlinearity; pressure sensor; roof-tile-shaped mode; AlN
1. Introduction
Micromechanical oscillators enjoy a wide range of applications in many areas. In
consumer and automotive electronics, gyroscopes and accelerometers have become om-
nipresent [1]. Applications that are more specific can be found as microbalances in bio
analytics or as sensing elements in scanning probe microscopy (SPM) [2]. In the upcoming
field of energy autonomous systems, piezoelectric oscillators are used as vibrational energy
harvesters [3]. In some cases and under certain conditions, micro-oscillators may exhibit
nonlinear behaviour. Such nonlinearities have been studied and described, e.g., in signal
processing and amplification [4,5], or else in pressure sensing [6–8] and gas sensing appli-
cations [9], among others. In this context, nonlinearities can strongly affect the frequency
response of micro-oscillators regarding their dynamic range and damping behaviour under
varying ambient pressure and can therefore significantly increase the sensitivity of oscillator
devices [3,4,10]. MEMS oscillators are, e.g., used for leakage detection [11] in autonomous
systems which can be accessed via wireless networks [12] (e.g., tire pressure sensors).
This work focusses on the investigation of the nonlinear Duffing effect of micromechan-
ical silicon cantilevers driven by piezoelectric thin film actuators. In order to understand
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the theoretical background, the description of electrostatically driven Duffing oscillators
known from the literature [13–15] is adapted and expanded to oscillators with piezoelectric
actuation. From this theory, the frequency response is derived and the coefficients for
linear and nonlinear damping can be determined. The theoretical results are compared
with experimentally obtained values for one type of oscillator, where the piezoelectric thin
film actuation area is varied, covering 33%, 50%, or 100% of the cantilever. In contrast
to previous works on the pressure dependence of nonlinear micro-oscillators [6,7], we
use the frequency shift and the frequency hysteresis by the duffing nonlinearity as corre-
lating quantity to the ambient pressure. Therefore, the sensor response is much higher
compared to the classical measurement principle based on the frequency shift of linear
damped oscillators.
2. Theory
2.1. Nonlinear Duffing Oscillator
The model for a linear damped harmonic oscillator driven by a periodic force F(t)















where A(t), λ, ω0, F(t), m, k are the oscillation amplitude of the movement, the linear
damping coefficient, the mechanical angular resonant frequency, the actuation force, the
mass and the linear stiffness parameter of the oscillator, respectively.
Nonlinear behaviour in its simplest form is included by adding a cubic term for
the displacement A together with the nonlinear stiffness parameter β, which leads to an
additional restoring force (see Figure 1). This results in a displacement depending on
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Figure 1. Schematic picture of a piezoelectrically actuated micro-oscillator with force F(t) and mass m.
The moving mass is attached to a fixed anchorage via a linear damper and four springs representing
the linear and the three nonlinear restoring forces.
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This nonlinear differential equation can be solved by the homotopy analysis method









Depending on the sign of the nonlinear stiffness parameter β, the resonant curve tilts
to the left (β < 0) or to the right (β > 0) (see Figure 2a). In terms of a mechanical oscillating
system, a spring softening (β < 0) or else a spring hardening (β > 0) effect can be observed.
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Figure 2. Numerically simulated frequency response of a Duffing oscillator for varying stiffness coefficients (a) and for
varying actuation forces (b).
Contributions to the stiffness para eter for piezoelectric oscillators are discussed in
the literature and consist of three parts [18–20]: geometric, inertial, and piezoelectric effects.
Here, the geometric part βgeo has a hardening effect, whereas the inertial component βinertial
as well as the piezoelectric influence βpiezo have a softening effect:
β = βgeo − βinertial − βpiezo (4)
The geometrical hardening effect is caused by the rigidity of the solid-state material
at large oscillation amplitudes, which leads to a stiffening of the spring. The inertial
effects appear predominant at high kinetic energies of the oscillator. The inertial effects are
defined by the velocity and the acceleration on the oscillator. These effects are dominating
at higher modes, due to the increase of the resonance frequency as well as the decrease of
the oscillation amplitude. The piezoelectric effects originate from the nonlinear nature of
the deflection of piezoelectric materials when applying high electric fields.
The solution of the Duffing equation for a given frequency is not a single-valued
function. When the non-physical negative values for the amplitude are excluded, the
equation leads to one (stable region of the resonance curve), two (at the jumping point) or
three solutions (unstable region of the resonance curve) for the amplitude response. Within
the unstable region, the amplitude exhibits abrupt jumping phenomena, depending on
the sweep direction. In Figure 2a, the different sweep directions are indicated by dashed
arrows. This leads to a hysteresis behaviour of the amplitude. The strength of the nonlinear
effect and therefore the size of the hysteresis loop is strongly dependent on the amplitude
of the driving force Fpiezo, which in turn depends on the actuation voltage. As can be seen
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in Figure 2b, the hysteresis gap (frequency difference between the two sweep directions)
increases with increasing actuation force.
In the case of piezoelectrically driven oscillators, the actuation force Fpiezo is given
by the electrically induced stress tensor σ of the aluminium nitride (AlN) thin film on the
cantilever. Thus, the mechanical stress can be written in the full Voigt matrix and vector
notation as:
σ = dTE, (5)
with the piezoelectric coefficient tensor dT [21], the electric field E, which is given by the
actuation voltage U, and the thickness of the AlN film t (E = U/t). In our configuration, the
actuation force by the piezoelectric AlN thin film with the actuation area S can be simplified
as follows:





Due to the fact that the amplitude frequency response of Duffing oscillators is given as
an implicit function (see Equation (3)), a higher numerical effort is necessary to extract the
information from the resonance curve. Therefore, several approximation models have been
established [13,22], to directly evaluate the key parameters out of the resonant behaviour.
Important indicators include the shift of the peak frequencies, ∆f up, and ∆f down, as well as
the peak amplitudes of the upward sweep direction Aup, and downward sweep direction
Adown (see Figure 3). Ayela et al. [13] derived an approximation for the Duffing behaviour
of electrostatically excited MEMS oscillators, extracting key parameters such as the linear
attenuation and the nonlinear stiffness parameter of the oscillator. In the following, the
major points of the model are presented and summarised in Table 1.
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Table 1. Listing of important parameters for characterising the behaviour of Duffing oscillators.
Ayela’s Model [9] Amplitude [mV] Frequency [Hz]
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This model is applied to the piezoelectric MEMS oscillator presented in this work to
determine the strength of the nonlinearity.
3. Experimental Section
3.1. Manufacturing
The silicon-based micro-oscillators consisted of a single bending beam, also known as
a cantilever structure, with a length of 3600 µm, a width of 1800 µm, and a thickness of
10 µm (see Figure 4a). The cantilevers were covered by an AlN thin film layer for actuation
and by corresponding gold electrodes for contact. The percentage of coverage of the AlN
film was varied from the whole cantilever for C_100, half of the cantilever for C_50 and a
third of the cantilever for C_33 (see Figure 4b). The cantilevers were fabricated by standard
microtechnology processes, including lithography, sputter deposition and wet/dry etching.
A highly doped p-Si wafer (ρ = 0.01 Ωcm, boron) was chosen as substrate. At first, SiO2 was
grown for electric insulation with a thickness of 120 nm in a thermal oxidation process. The
SiO2 on the bottom side served as an adhesion layer for a 550 nm Si3N4 film, which was
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deposited by PECVD. The Si3N4 film was used as passivation layer for the KOH etching
process as part of the releasing step. Both films were structured in a single lithography step
using AZ 1518 resist and a subsequent etch process in 6% HF solution. The piezoelectric
AlN film with a thickness of 1100 nm was deposited by reactive sputter deposition [21].
After the AlN patterns were lithographically structured, the film was etched with 85%
phosphoric acid at 80 ◦C. The gold electrodes were deposited via DC sputtering and etched
using aqua regia at 25 ◦C. The cantilevers were released in a two-step process. In the first
step, a thin membrane was created by time-controlled KOH etching from the backside.
Afterwards, the cantilevers were released from the front side using a Bosch dry etching
process. In between the two steps, the KOH cavity was filled with AZ 1518 photo resist to
stop the dry etching process and prevent the cantilever from suffering mechanical damage.
Finally, the cantilevers were diced and cleaned with a solution of acetone, isopropanol,
water and ethanol in an ultrasonic bath.
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from Pfeiffer Vacuum (CMR 261/264/362) with an accuracy of <0.2%. The cantilevers were 
excited by a function generator decoupled with a buffer amplifier, providing a sinusoidal 
signal with varying amplitude and frequency. When measuring piezoelectrically driven 
oscillators, a parasitic crosstalk appears which can be eliminated by a compensation cir-
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Figure 4. Top view on the cantilever structure C_50 (a) and measurement board with the cantilevers
C_33, C_50, and C_100 (from top to the bottom) (b). “A” signifies the actuation electrodes, “S”
signifies the sensing electrodes.
3.2. Experimental Setup
The cantilevers were glued on top of a printed circuit board (PCB) and were electrically
connected by gold wire bonds. The measurement board (compare Figure 4b) was placed
within a custom-built vacuum chamber providing a pressure range from high vacuum
(10−3 mbar) up to atmospheric pressure (900 mbar). Via a feedback loop, the pressure
was adjusted in a dynamic equilibrium by controlling the inlet gas flow with a mass flow
controller (MFC). A pure nitrogen atmosphere was chosen to provide a clean and defined
measurement environment. The pressure was measured using three pressure sensors from
Pfeiffer Vacuum (CMR 261/264/362) with an accuracy of <0.2%. The cantilevers were
excited by a function generator decoupled with a buffer amplifier, providing a sinusoidal
signal with varying amplitude and frequency. When measuring piezoelectrically driven
oscillators, a parasitic crosstalk appears which can be eliminated by a compensation circuit
proposed by Qiu et l. [23]. In addition to the compensation circuit, the PCB board was
equipped with a charge amplifier and with an inverting amplifier. Subsequently, the
resonance curves were measured by recording the compensated and amplified frequency
response of the cantilever with a lock-in amplifier (SR 5210) (see Figure 5).
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voltages. The hysteresis behaviour of the frequency response was recorded in upward (u) 
and downward (d) sweep direction around the peak frequency. For all AlN-layer cover-
age sizes the Duffing behaviour of the cantilevers was investigated up to a frequency of 
120 kHz (limitation of the lock-in amplifier). The detected modes were associated with 
their shape by correlation with FEM eigenfrequency analysis and with recordings of a 
laser Doppler vibrometer (UHF-120 from Polytec). 
The resonance curve of the micro-oscillator operating in the same higher mode can 
be seen in Figure 6. The results show hysteresis behaviour depending on both excitation 
voltage and ambient pressure. An increasing ambient pressure p leads to a decreasing 
hysteresis gap until it finally disappears (see Figure 6a,b). The influence of the ambient 
pressure on the frequency response is given by the linear damping coefficient λ, which 
increases with increasing pressure. In addition, the peak amplitude as well as the hyste-
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Figure 5. Schematic of t e ex eri e tal setup. The vacu m chamber ranges from 10−3 to 103 mbar.
4. Results
In order to i vestigate the possibility of using onlinear Duffing MEMS oscillators for
pressure sensing applications, the frequency response of the presented cantilever structures
was recorded under varying ambient pressure conditions as well as excitation voltages. The
hysteresis behaviour of the frequency response was recorded in upward (u) and downward
(d) sweep direction around the peak frequency. For all AlN-layer coverage sizes the Duffing
behaviour of the cantilevers was investigated up to a frequency of 120 kHz (limitation of
the lock-in amplifier). The detected modes were associated with their shape by correlation
with FEM eigenfrequency analysis and with recordings of a laser Doppler vibrometer
(UHF-120 from Polytec).
The resonance curve of the micro-oscillator operating in the same higher mode can
be seen in Figure 6. The results show hysteresis behaviour depending on both excitation
voltage and ambient pressure. An increasing ambient pressure p leads to a decreasing
hysteresis g p until it finally disappears (see Figure 6a,b). The influence of the ambi nt
pressure on the frequency response is given by the line r damping co fficient λ, which
increas s wit incr asing pressure. In addition, the peak amplitude as well as the hysteresis
loop become larger with increasing excitation voltage (see Figure 6c). These proportion-
alities are in accordance with the Duffing theory presented above (see Figure 2b). The
dependency of the excitation voltage on the frequency response can be directly derived by
taking Equation (6) into account.
The presented results show the frequency response of cantilevers with different AlN-
coverage sizes (33 to 100%), operated in the same mode. A difference in the eigenfrequency
appears that is mainly caused by fabrication tolerances (cantilever thickness) and, to a
lesser extent, by the difference of the coverage sizes of the AlN/Au stack. The presented
eigenmode is the so-called second roof-tile-shaped mode, which has been found to be
advantageous for operating in heavily damped environments [24] and therefore possesses
relatively large oscillation amplitudes, leading to strong Duffing effects.
Interestingly, the results in Figure 6a,b indicate a spring softening effect for 100% AlN
coverage, whereas a spring hardening effect occurs for a cantilever with 33% AlN coverage,
but otherwise identical geometry and mode (compare Figure 6c). According to Equation
(4), the nonlinearity can be divided into a geometric part, an inertial part and a piezoelectric
part [18]. The geometric nonlinearity has a spring hardening effect, whereas both inertial
and piezoelectric nonlinearities have a spring softening effect. This could explain why
a larger coverage area of the AlN film (C_100, Figure 6a,b) can overcome the originally
dominant geometric spring hardening nonlinearity (C_33, Figure 6c) and changes it into a
spring softening nonlinearity. The fundamentals behind this influence of the piezoelectric
coverage area on the softening/hardening behaviour require more detailed investigation,
and will be analysed in a future work. Moreover, a mode-matching optimisation of the
electrode shape as well as a phase-correct actuation scheme seems promising for enhancing
both sensing and actuation [25].




Figure 6. Amplitude frequency response in upward (u, solid) and downward (d, dotted) sweep of the 2nd roof-tile-shaped
mode of sensor C_100 for different ambient pressures and for an excitation voltage of 0.5 V (a) and 1.25 V (b), respectively.
Amplitude frequency response in upward (u, solid) and downward (d, dotted) sweep of the 2nd roof-tile-shaped mode of
sensor C_33 for different excitation voltages at a fixed ambient pressure of 1 mbar (c).
To investigate the strength of the nonlinear Duffing effect, the frequency response was
measured for the first four bending modes, and for the 2nd roof-tile-shaped mode. This
was done at the best available vacuum level (10−3 mbar) to suppress the damping from
the surrounding fluid. The stiffness parameter β, and the frequency shifting parameter
χ (see Equations (11) and (12)) were analysed to understand the dependency of these
parameters with respect to the coverage size and the mode shape. In Figure 7 the frequency
shift of the peak amplitude in dependency of the squared measured amplitude is shown
for both sweep directions (compare Equation (7)). The first bending mode exhibits the
smallest frequency shift and biggest amplitude signal, therefore the frequency shifting
parameter χ resulting from the linear fit will be the smallest. For all three coverage sizes, the
frequency shifting parameter is on the same order of magnitude. The higher modes show a
significantly higher frequency shift at smaller amplitudes and therefore possess a much
higher value for the frequency shifting parameter. In particular, the 2nd roof-tile-shaped
mode exhibits very high values, indicating a strong nonlinear Duffing effect. All results are
summarised in Table 2.
The 2nd roof-tile-shaped mode (see Figure 7d,f) shows the highest value for χ within
these experiments, and therefore has been chosen for further investigations under varying
ambient pressure. Additionally, the spring softening behaviour of sensor C_100 operating
in this mode is an interesting aspect.
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Figure 7. Frequency shift vs. squared measured amplitude for C_33 (a), C_50 (b), and C_100 (c) in the first bending ode,
C_33 in the second roof-tile-shaped mode (d), C_100 in the fourth bending mode (e) and in the second roof-tile-shaped
mode (f) at 0.001 mbar. The shape of the respective eigenmodes is shown in the inserts.
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Table 2. Listing of determined key parameters for the presented sensors and mode shapes of Figure 7.
Sensor Mode Resonance Frequency f r [Hz] Sweep Direction χ [m−2s−1] β [m−2s−2]
C33 1st bending 1396.6
up 0.0744 1741
down 0.0683 1598
C50 1st bending 1448.3
up 0.3485 8457
down 0.3307 8025
C100 1st bending 967.9
up 0.1975 3203
down 0.1842 2987
C100 4th bending 35543
up 50.122 29.8 × 106
down 51.093 30.4 × 106
C33 2nd roof-tile-shape 42704.5
up 435.61 31.2 × 107
down 434.99 31.1 × 107
C100 2nd roof-tile-shape 47355.5
up −1226.5 −97.3 × 107
down −1160.7 −92.1 × 107
The possibility of cantilever structures exploiting Duffing effects for pressure sensing
purposes was investigated by recording the frequency response under a defined pressure
(see Figure 6). The amplitude was measured in both sweep directions for different exci-
tation voltages. In the following, the resonance curves are analysed regarding their peak
amplitudes and peak frequencies in upward and downward sweep directions. It turned
out that the best correlation between measurement and ambient pressure could be achieved
by the shift of the peak frequencies in upward direction in the case of hardening effects,
and shift of the peak frequencies in downward direction in the case of softening effects,
respectively (see Figure 8a,c). Thereby, the shift is related to the resonance frequency of the
linear oscillator, which can be measured by applying a lower excitation voltage where no
nonlinear effects occur.
The best results in the sense of maximum sensitivity were obtained by cantilever C_100,
with an excitation voltage of 1.5 Vpp. A linear frequency shift of 648 Hz was measured
over three pressure decades, resulting in a sensitivity of 216 Hz/decade. Normalised
to the resonant frequency of 47.4 kHz, this means a frequency shift of 0.46%/decade in
linear approximation. By decreasing the excitation voltage, the saturation effect can be
delayed. Thus, the measurement range increases at the expense of sensitivity. Depending
on the application, a reasonable compromise between sensitivity and measurement range
can be adjusted by choosing an appropriate excitation voltage. Furthermore, the size of
the hysteresis loop, given by the difference of the peak frequencies in both directions, is
strongly affected by the ambient pressure (see Figure 8b,d). Qualitatively, this measurement
shows the same behaviour as the peak frequency. The absolute values are smaller because
the shift in the other sweep direction is subtracted, and therefore the sensitivity (change of
measurement value with pressure) is slightly smaller. An advantage of this measurement
principle could be that environmental factors such as temperature effects or long-term drift
effects influencing the resonance frequency can be cancelled out more easily [26–29]. Other
parameters, such as, e.g., peak amplitudes, are also affected by the ambient pressure [8],
but the absolute change is relatively small and more difficult to detect. For this reason, the
frequency measurement is preferable. A measurement series investigating the stability of
the frequencies results in a standard deviation of 2.6 Hz (corresponding to 56 ppm), and
therefore provides a reliable measure for detecting the ambient pressure.
A comparison with results obtained in previous works is shown in Table 3, ranking
the performance of the presented AlN nonlinear micro-oscillator. Since the plot in Figure 8
is on a logarithmic scale, a nonlinear behaviour to the measured variable, the ambient
pressure, can clearly be seen. Thus, it can be deduced that the sensitivity decreases with
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increasing pressure, when linearising this value for the individual pressure decades. The
results indicate that the sensitivity related to the resonance frequency is exceeding the
values obtained in the previous works, for nearly all pressure ranges, or else it is at least
comparable. A special feature is the wide measurement range down to the high vacuum
regime where most mechanical sensor principles have their limitations. In this low-pressure
area, our sensor exhibits its highest sensitivity.
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In the next steps, the gas type dependence will be investigated by characterising
the sensor under different gas atmospheres as well as the temperature influence of the
measurement principle. A further work which investigates the nonlinear effect of different
geometries and modes to optimise the sensor response can already be found in [36].
5. Conclusions
In this study, we analysed the frequency response of a cantilever structure with
different piezoelectric AlN coverage sizes. The resonance behaviour was investigated with
a focus on the nonlinear Duffing effect. The strength of the nonlinearity was experimentally
identified, and the Duffing parameters were determined for each AlN coverage size and
for each eigenmode. Based on these results, the 2nd roof-tile-shaped mode, which was
found to be the best mode according to the stiffness parameters, was selected for pressure
measurements over a wide range of six decades. The quantity with the strongest correlation
to the ambient pressure was found to be the frequency shift of the peak amplitude. For the
2nd roof-tile-shaped mode, a maximum sensitivity of 0.29%/mbar for the high-vacuum
regime was experimentally found. In addition, the influence of the excitation voltage
was shown, revealing the possibility of adjusting the sensitivity and measurement range
depending on the specific application. Compared to the other measurement principles
presented in the paper, the frequency shift induced by the Duffing effect of piezoelectrically
actuated MEMS oscillators offers a significantly higher sensitivity, exceeding existing work,
especially in the high-vacuum range.
The current state of the art for high-dynamic-range pressure sensing in vacuum
chamber applications usually requires a combination of several high cost sensors (e.g.,
Pirani and membrane). The new principle introduced in this work, using the Duffing-effect-
induced frequency shift of a micro-oscillator to obtain high-quality pressure measurements,
opens up an opportunity for a new class of wide range vacuum sensors, which can be
fabricated in a much more cost-effective way. Alternatively, the size of the hysteresis loop
can also be exploited with the same type of sensor, giving the advantage of reducing
environmental factors such as temperature effects or long-term drift. In future work, the
fundamentals behind the strong Duffing effect of the selected mode need to be clarified
more precisely, as well as the influence of the actuator coverage size on the spring softening
or spring hardening behaviour.
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